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A poverty index should be sensitive to the number of poor people, the extent of the shortfall of the
poor, and the inequality among the poor. A difficulty arises when inequality among the poor needs to
be assessed. The inequality may be analyzed in terms of either incomes or gaps. Depending on what side
we focus on, the inequality level comparisons may be contradictory. This paper proposes a reinter-
pretation of the inequality component involved in the decompositions of well-known poverty indices.
The alternative indices we introduce measure equally the income and gap inequality among the poor.
The comparisons in inequality as measured by these indices are then independent of the viewpoint.
An empirical application illustrates the proposal.
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1. INTRODUCTION

Sen (1976) argued that a poverty index should take account of three aspects of
poverty: the number of people below the poverty line, the extent of the shortfall of
the income of the poor from the poverty line, and the inequality among the poor.
Accordingly, any poverty measure should be expressed as a function of these three
poverty indicators, showing the incidence, the intensity, and the inequality among
the poor, respectively. These are the three “I”’s of poverty according to Jenkins and
Lambert’s designation (Jenkins and Lambert, 1998). A number of decompositions
have been proposed to explicitly identify these three underlying components.!
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'Besides Clark et al. (1981), Osberg and Xu (2000), Xu and Osberg (2002), and Aristondo et al.
(2010), some of them may be found in Kakwani (1999).
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As regards the inequality term, Sen (1976) points out that “a transfer of
income from a person below the poverty line to anyone who is richer must increase
the poverty measure.” Consider two individuals below the poverty line. A transfer
of income from the poorer to the richer entails a transfer of the gap from the
richer one to the poorer one. Then the poverty measure is bound to increase if the
inequality term involved in the index concentrates either on income or on gaps. In
fact, in the mentioned decompositions this third component refers sometimes to
income inequality and sometimes to gap inequality. For instance, whereas in the
original proposals of Sen (1976) and Shorrocks (1995) the “Gini index of the poor
income” takes part in the decompositions, Osberg and Xu (2000) and Xu and
Osberg (2002) derive alternative decompositions in which the “Gini coefficient of
the gaps” is involved. Similarly, the “inequality among the poor” is captured in
terms of gaps in the TIP curves introduced by Jenkins and Lambert (1998) and in
the decomposition for the FGT indices (Foster et al., 1984) proposed by Aristondo
et al. (2010).

However, the choice between income and gap inequality is not innocuous
and different choices may lead to contradictory results. To illustrate this, let us
consider two income distributions y' = {4, 5, 25, 35, 37, 40} and y*= {3, 4, 22, 32,
38, 41, 42}. Let us assume that the poverty line is z = 36. Then the distributions
of the poor are respectively ylp ={4,5,25,35} and yi ={3,4,22,32}. The corre-

32 31 11 1
—,—,—,—} and
36 36 36 36
s G(ylp)=0.409<G(yi)=O.430, the Gini index of the

sponding normalized poverty gap distributions are glz{

{33 32 14 4 }
36736736 36)
income distributions concludes that the inequality among the poor is higher in
the latter than in the former. The same result is obtained if the coefficient of
variation is used since C (yL) =0.767<C (yi) =1.234. Nevertheless this conclusion
is reversed if we focus on the poverty gap distributions. In fact G(g,) =0.377 >
G(g>) =0.316 and C(g;) =0.706 > C(g,) = 0.353.

This difficulty arises not only in poverty measurement but also in different
economic fields in which bounded variables are involved. Recent papers (e.g.,
Clarke et al., 2002; Erreygers, 2009; Lambert and Zheng, 2011; Lasso de la Vega
and Aristondo, 2012) deal with this issue in health measurement.

The results derived by Lambert and Zheng (2011) have a straightforward
application to the measurement of the inequality among the poor. They introduce
a property of consistency which requires that achievement and shortfall inequality
rankings should not be reversed, and show that all relative and intermediate
inequality indices fail their requirement. Accordingly, whenever a relative, as in the
example above, or even an intermediate inequality index is involved in the decom-
position of a poverty index, the inequality component is not consistent.

We think this is a serious drawback which may distort the conclusions in the
analysis of the poverty trends, and consequently, the poverty decompositions are
found wanting in displaying inequality among the poor, one of their main points.

In this paper we concentrate on three well-known poverty measures: the Sen
index (Sen, 1976), hereafter the S index; the Sen index modified by Shorrocks
(1995), SST; and the mean of square deprivation gaps, a distinguished member of
the family of poverty measures introduced by Foster et al. (1984), which we will
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refer to as FGT». Taking as a basis the indicators introduced by Lasso de la Vega
and Aristondo (2012), we propose alternative interpretations of the inequality
term for their poverty decompositions. These inequality components will allow
policy makers to determine, in a consistent way, if inequality among the poor has
increased or decreased if they focus either on income or on gaps.

This paper is structured as follows. The basic notations and definitions are
presented in Section 2. Section 3 introduces the proposal to incorporate inequality
indicators in poverty decompositions for which the income inequality and the gap
inequality are equal. Finally, a short illustration taking data from the European
Union Survey on Income and Living Conditions (EU-SILC) shows the advantages
of the inequality terms introduced.

2. NOTATION AND Basic DEFINITIONS

We consider a population consisting of n>2 individuals. Individual 7’s
income is denoted by y; € R++, i=1, 2, ..., n. An income distribution is repre-
sented by a vector y=(y;, ¥y, ..., »,) € R}, that we assume throughout is non-
decreasingly ordered, thatis, y1 <y, <... <y, Welet D= U::I R!, represent the
set of all finite dimensional income distributions. For any given poverty line
z € R++ and distribution y € D we define as poor all incomes y; < z. We denote by
n=n(y) and g = ¢(y; z) the population size and the number of the poor, respec-
tively, and by u(y) the mean income of y. Let g; = max{(z — y;)/z, 0} be the nor-
malized poverty gap of the i-th individual and g= {gi, ..., g.} the normalized
poverty gap vector. Let the set of poor people be denoted by Q. Then y, = (31, y>,

., ¥y) represents the income distribution of the poor and we denote u, = u(y,).
In turn, g, = (g1, . . ., g) 1s the normalized gap vector of the poor.

A number of poverty indices will be used in this paper. First, the headcount
ratio, the archetypical measure of the incidence of poverty, is the proportion of the
poor in the population, H = H(y; z) = g/n. The intensity of poverty is usually
measured by the aggregate income gap ratio,” which represents the mean among
the poor of the normalized poverty gaps, A= A(y; z) =u(gp)= (l/q)zieggi. The
product of the headcount ratio and the aggregate income gap ratio, HA, is
the poverty gap ratio and represents the mean among the whole population of the
normalized poverty gaps.

The Sen index (Sen, 1976), denoted by S, is computed as follows:?

q

(1) S(y,z)=q%Z(z—y,-)(wo.S—i).

i=1

>We follow Sen’s proposal, although other authors (e.g., Jenkins and Lambert, 1998) use the
poverty gap ratio to measure intensity of poverty.

3Although this is not Sen’s original proposal, it is common to refer to this modified expression as
the Sen index. The drawbacks of this index, among them the failure of continuity and the transfer
sensitive axiom, are well-known (for instance, Shorrocks, 1995).
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Several proposals have been made in order to overcome the drawbacks of the
Sen index.* Shorrocks (1995) proposes a measure which is identical to the limit
of Thon’s modified Sen index (Thon, 1979) and it is usually referred to as the
Sen—Shorrocks—Thon index, SST.

(2) SST (y, Z)=%Zq‘(z—yi)(2n+1—2i).
nz

i=1

Finally, the mean of square deprivation gaps, FGT>, belonging to the family
introduced by Foster e al. (1984), is given by

(3) FGT,(y:2)=(m)Y, ()"

In the decompositions of a poverty measure into incidence, intensity, and
inequality, an inequality measure is usually involved. In the standard income
literature, an inequality index 7 is a real valued function 7 : D — R which fulfils the
following properties.

Pigou—Dalton Transfer Principle (TP). I(y’) < I(y) whenever y’ is obtained
from y by a progressive transfer, that is, there exist two individuals i, j € {1, ...,
n} and h >0 such that y/=y,+h<y,—h=y] and Vi =y forevery ke {1, ...,
ni\{i, j}.

Normalization (NOR). I(A, . .., A)=0 for all 1> 0.

Symmetry (SYM). I(y)=I(y") whenever y=y Il for some permutation
matrix I1.

Replication Invariance (RI). I(y) = I(y’) whenever yY=(y, y, ..., y) with
n(y’) = m n(y) for some positive integer m.

The crucial axiom in inequality measurement is the Pigou—Dalton TP which
requires that a transfer from a richer person to a poorer one decreases inequality.
NOR, SYM, and RI are standard assumptions for an indicator. Another usual
requirement for an inequality measure is to demand Scale Invariance, that is, the
inequality level should remain unchanged under proportional changes in all the
values.

Scale Invariance. I(Ay) = I(y) for all A > 0.

Relative measures are those which are scale invariant.

3. THE INEQUALITY AMONG THE POOR

Since Sen’s 1976 paper any poverty index should be expressed as P = ¢(H, A,
I), where I captures inequality among the poor, and ¢ is a non-decreasing function
in its arguments. The inequality among the poor can be equivalently measured in
terms of income or gaps. In fact, alternative decompositions in these terms have
been identified for a number of poverty indices. Specifically the Sen index given

‘Among them, the Takayama index (Takayama, 1979), which fails monotonicity, and the Thon
index (Thon, 1979), which is not replication invariant.

This index shares with the Sen modified index, symmetry, replication invariance, monotonicity,
homogeneity of degree zero in y and z, and normalization in the range [0, 1]. Unlike the Sen index, it
is also continuous and consistent with the transfer axioms.
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in equation (1) permits the following two decompositions proposed by Sen (1976)
and Xu and Osberg (2002), respectively,

4) S(y,z):H(A+(1—A)G(yp)):H(A+AG(gp)),

where G(y,) and G(g,) are the Gini coefficient of the poor income and the
normalized gaps of the poor, respectively.

Similarly the SST7 index, equation (2), can also be decomposed taking into
account the income inequality among the poor (Shorrocks, 1995) or the gap
inequality (Xu and Osberg, 2002) as follows:

(5) SST(y,z)=H(Q2-H)A+H(-AG(y,))=H(2-H)A+HAG(g,)),

where G(y,) and G(g,) are the same as above.
Finally, for the FGT> index, equation (3), the expression below holds (Foster
et al., 1984; Aristondo et al., 2010)

6) FGT,(y;2)=H(A* +(1- A C*(y,)) = H(4* + 4°C*(g,)).

where C*(y,) and C*(g,) are the squared coefficient of variation of income and of
normalized gaps among the poor, respectively.

In some empirical applications any of these decompositions have been used to
analyze how much of a change in poverty is due to more people becoming poor, or
increasing deprivation of the poor, or because the inequality among the poor has
changed, or some combination of the above (e.g., Kakwani, 1980; Xu and Osberg,
2002; Aristondo et al., 2010). Nevertheless, the interpretation of the inequality
component may mislead policy makers because income or gap inequality may
display contradictory trends.

The aim of this paper is to propose a reinterpretation of the inequality
component in poverty comparisons.

Although we focus on the three poverty indices mentioned above and their
corresponding decompositions, the results of this paper may also be applied to
other existing decompositions. Specifically, the generalization is straightforward to
those indices in which the inequality among the poor is captured by the Gini index
or the coefficient of variation.

We begin with a general result. Given an inequality index /, we define the
consistent index associated with I as the measure that, for any o> 0, and for any
distribution y upper bounded by ¢, takes the following value:

I(y)+1(al—y)'

(7 1,(y)= 5

In other words, I,(y) is just the average value of I(y) and I(ad — y).® Note that,
by definition 7(y) = I{od — y). The next proposition establishes that for any o> 0

This is a specific member of the family introduced in Lasso de la Vega and Aristondo (2012).
In demographic research, when the results of a given decomposition depend on the order in which
the decomposition is performed, it is standard, without any theoretical justification, to perform the
calculations in all possible ways and to average the results (Kitagawa, 1964; Andreev et al., 2002).
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the consistent index I, inherits from [ the standard properties of an inequality
measure.

Proposition 1. The consistent index 1, associated with an inequality measure I
satisfies TP, NOR, SYM, and RI.

Proof. See Lasso de la Vega and Aristondo (2012).

I, is not a standard inequality measure since it depends on o. Nevertheless,
it satisfies TP, considered as the basic axiom in the inequality field, so it is able to
capture the distribution inequality. We propose two particular specifications of
this indicator in order to capture the inequality among the poor.

On the one hand, since the income distribution of the poor, y,, is upper-
bounded by the poverty line z > 0, we obtain

8) Iz(yp)=l(yp)+12(21_yp).

A second specification of equation (7) is obtained taking ov=1 and the dis-
tribution of the poor normalized gaps as follows:

I(gﬂ)+1(1_gﬂ)'

€ Il(gp)= 5

After Proposition 1, I.(y,) is able to capture the inequality among the income
of the poor whereas /;(g,) measures the inequality of the poverty gaps. However,
note that whenever inequality measure 7 is relative we find that

(10) 1.(y,)=1(g,).

In fact, from equation (8) and since / is relative we get

1 +1(z1-
I, (Y,,) = (yp) 2(2 y,,) by definition
1 I((z1-
= (y,, /Z) i ;(z Yo )/Z) since I is a relative measure
1 I(1-
= b, /2)* 2( (v,/2)) =1,(g,) operating.

Hence these equivalent indicators measure the income and the gap inequality
among the poor equally. We aim to identify this term in the existing decomposi-
tions of the poverty indices and propose them as the inequality component. First,
Proposition 2 below derives the consistent poverty indicators related to the Gini
coefficient and to the coefficient of variation.
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Proposition 2. The consistent indicator associated with
(i) the Gini coefficient satisfies that

G(y,) Glg,)
ll = L = :—p
(11) G.y,)=—"=0e,) 21
(ii) the coefficient of variation satisfies that
_Cy,) _ _Cle,)
(12) C:(Yp)_T_Cl(gp)_M’

where z is the poverty line and 'y, and g, represent the income and the normalized gap
distributions of the poor, respectively.

Proof. See Appendix.

The following proposition shows how to incorporate the consistent inequality
term in the existing decompositions.

Proposition 3. The following expressions hold:
(13) (i) S(y,z)=HA(1+2(1-A)G. (yp)) = HA(1+ 2(1—A)G1(gp)),

(14) (i) SST(y,z)=HA((2-H)+2H(1-A)G.(y,))
= HA(2- H)+2H (1- 4)G,(g,)),

(15) (i) FGT,(y;z)=HA'[1+4(1- A7 (C.(y,))’ |= HA*[1+4(1- 47 (C/(g,))" ]

Proof. It is clear from Proposition 2 and equations (4), (5), and (6).

According to equations (13), (14), and (15), the inequality among the poor
may be assessed by an indicator whose value does not change if we focus on gaps
or on incomes.

4. EMPIRICAL APPLICATION

This section shows the difficulties encountered when determining the evolu-
tion of the inequality among the poor, and illustrates how to apply the method-
ology proposed. For this purpose we use the European Union Survey on Income
and Living Conditions (EU-SILC). For comparability reasons, we use the same
distributional assumptions used by Eurostat in the calculation of the headline
indicator of poverty: population living “at-risk-of-poverty,” which is in fact the
headcount ratio. Hence, we consider household disposable income as the income
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variable,” even if the recipient unit is the individual; to account for differences in
household size and composition we use the modified OECD equivalence scale, and
consider the poverty line as 60 percent of the median national equivalized house-
hold income in the current year.® A person is poor if he lives in a household below
this threshold. Calculations take into account cross-sectional sample weights and
within-household non-respondent inflation factors.

First, we perform a cross-section comparison for 2009. In this case monetary
values are converted to Purchasing Power Standards (PPS), to account for differ-
ences in the purchasing power of different national currencies, including those
countries that share a common currency (the Euro). Note however that this
only has an effect on the poverty line and the mean income of the poor, since all
of the inequality and poverty indices remain unchanged given that we live in a
scale invariant world. Table 1 shows the basic results for this year for the 27 EU
countries plus Iceland and Norway.

This table shows a great deal of heterogeneity among European countries,
with at one extreme the Czech Republic, with a headcount ratio not reaching 10
percent, and at the other extreme Latvia with over 25 percent. This heterogeneity
can also be seen in the poverty line, which reflects different levels of development
among the countries considered. From our point of view, two cases are of special
interest. If we compare Finland and Austria, the poverty gap ratio, A, and the
poverty indices considered show a higher level of poverty in Austria, despite its
enjoying a lower headcount ratio, H. Using TIP curves (Jenkins and Lambert,
1998), we find poverty dominance of Austria over Finland for the poverty lines
considered, since the TIP curve for Austria lies everywhere above the Finland
curve for each population share, p, considered. Hence, we find more poverty in
Austria than in Finland for all poverty indices defined over normalized poverty
gaps, but note that this question has no particular relevance for the problem of
measuring the inequality among the poor.’ If we are interested in the inequality
among the poor, then contradictory results are obtained whether we consider their
incomes or their gaps. Using the income of the poor, Austria shows higher inequal-
ity, either with the Gini index or with the coefficient of variation, whereas using
gaps, Finland appears to have a more unequal distribution for poor people.
Eventually, the consistent indices introduced in this paper reconcile results,
showing higher inequality among the poor in Austria, with this result being inde-
pendent of the particular index used.

"The definition of income used excludes imputed rent and is neither top-coded nor bottom-coded,
but negative values were excluded from the analysis. It also excludes non-cash transfers, such
as education and healthcare provided free or subsidized by the government, non-monetary income
components, and pensions from private plans.

SWe follow the usual procedure to determine the poverty line as a percentage of the median
income despite the clash between this method and the theoretical framework for the poverty indices.
In fact, whenever the poverty line is established depending on the distribution, the focus axiom is
violated.

There is also an issue to be resolved when making dominance comparisons, and that concerns the
degree of detail to which the dominance comparisons should be carried out. This is a question related
to issues of statistical inference (Davidson and Duclos, 2000). Our TIP dominance is checked at each
p from 0 to 1, in increments of 0.001.
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A similar circumstance occurs if we compare poverty in Slovakia and
Bulgaria. The latter country shows unambiguously more poverty that the former
for every poverty index considered, as well as for the poverty gap ratio, A, and the
headcount ratio, H. In fact, we find Bulgaria TIP poverty dominates Slovakia,
with the exception of a single p = 0.1 percent, the first one considered. But if our
interest lies in the inequality among the poor, then again contradictory results are
obtained. If we look at incomes, Bulgaria shows unambiguously more inequality,
while if we look at gaps, Slovakia displays higher inequality among the poor. The
consistent indices reconcile results since both the Gini index and the coefficient of
variation show higher inequality among the poor for Slovakia, despite this country
getting a much lower poverty level.

Second, we perform a time series exercise for the maximum period available,
2004-09, and show that similar contradictory results can be obtained for the
income distribution of the poor. In this case monetary values are deflated by the
Harmonized Index of Consumer Prices (HICP, base 2005) to account for inflation.
Again this only has an effect on the poverty line and the mean income of the poor
and not on relative inequality or poverty indices.

Focusing on the initial and final period, Table 2 shows the four countries for
which opposite results are obtained when comparing the inequality among the
poor if we use either income or gaps, that is, Italy, Estonia, Iceland, and Norway.
Poverty experiences a decreasing tendency in all these countries with the exception
of Norway, which shows higher values of all indicators in 2009 than in 2004.
Indeed, for Norway we find that the 2009 TIP curve dominates the one for 2004;
the opposite is true for Estonia, whereas for Italy and Iceland we find no domi-
nance. Focusing on the inequality among the poor we get the same trends using
income as the variable of interest, so inequality in the income distribution of the
poor falls for Italy, Estonia, and Iceland, but increases for Norway. However, the
trend is reversed if we switch to gaps as the variable of interest; Italy, Estonia, and
Iceland show an increasing trend in inequality, whereas Norway shows a decreas-
ing trend. This is robust to the indicator used, either Gini or the coefficient of
variation.

Looking at the consistent indices, we reach the conclusion that inequality
among the poor decreases in Italy and Estonia, but increases in Iceland. For
Norway results are dependent upon the indicator used, an increase for the Gini
and a decrease for the coefficient of variation, so unambiguous results cannot be
obtained in this case.

5. CONCLUSION

This paper draws attention to the difficulty that arises when the inequality
among the poor needs to be examined. According to Sen (1976), it makes sense to
measure the income or gap inequality. However, the analysis of the inequality
trends or the comparisons among different situations may not lead to conclusive
results. This paper proposes an alternative indicator that measures income and gap
inequality equally. This component is easily accommodated in the existing decom-
positions. We hope this paper will help policy makers to better understand and
explain poverty trends.
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